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Let sk(n) denote the sum of the digits of the base k representation of n. Define the sequence
(or word) tk,m = sk(n) (mod m)n≥0, which generalizes the well-known Thue–Morse
sequence t2,2. We give a much shorter proof of the main result in Allouche and Shallit
(2000) [1], which says that tk,m has no overlaps (that is, contains no subword of the form
axaxa, where x is any finite word and a is a single symbol), using techniques from Cusick
and Stănică (2009) [2]. We also give different proofs of some other results from Allouche
and Shallit (2000) [1] and one result from Morton and Mourant (1991) [3], using the same
techniques.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Thewell-known Thue–Morse sequence T = (t(n))n≥0 is defined by letting t(n) equal the sum of the digits, takenmodulo
2, in the base 2 representation of n. It was introduced by the Norwegian mathematician Axel Thue, who initiated the study
of combinatorics of words at the beginning of the previous century. This definition can be generalized by defining sk(n) to
be the sum of the digits in the base k representation of n, and then defining tk,m = sk(n) (modm)n≥0 [1]. Thus T = t2,2.
The purpose of this note is to apply themethods previously introduced in [2] to give direct and short proofs of the results
obtained in [1] and also of one result of [3] obtained as a consequence of some more general conditions. A nonempty word
w is said to be an overlap ifw = axaxa, for a finite word x and a single symbol a. Thue showed that the sequence T = t2,2 is
overlap-free, that is, contains no overlaps. The main result of [1] proves that tk,m contains no overlaps if and only if m ≥ k
(k ≥ 2,m ≥ 1). We give a much shorter proof of this in Theorem 3.2. Using these methods, we also provide alternate
proofs of the results from [1] on occurrence of arbitrarily large squares (i.e. words of the form xx) and existence of arbitrarily
large palindromes (i.e. words equal to their reversal) in tk,m (Theorems 2.6 and 2.7). Finally, as another application, we give
another short proof for a result of [3] stating that tk,m is ultimately periodic if and only ifm|k− 1.
2. Palindromes
Definition 2.1. A palindrome is a word (such as ‘‘kayak’’ or ‘‘011110’’) that is equal to its reversal.
Definition 2.2. Using an approach similar to that of the definition of the Thue–Morse sequence t = t(0)t(1)t(2) · · · =
0110100110010110 . . . ,we define the general sequence tk,m as follows: define sk(n) to be the sum of the digits in the base
k representation of n and suppose that tk,m = (sk(n)modm)n≥0. Note that then t(n) = s2(n) mod 2 for all n ≥ 0, so the
Thue–Morse sequence is t2,2.
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For fixed k,m we will write for brevity vn = sk(n)modm, i.e. tk,m = (vn)n≥0. We let (a1a2 . . . aj)(k) denote a base k
representation with digits ai.
Lemma 2.3 ([1, Lemma 5]). Suppose that n = kts, where k does not divide s, that is t = valk(n) is the highest power of k dividing
n. Then vn − vn−1 = 1− t(k− 1) (modm).
Proof. See the proof in the paper of Allouche and Shallit. 
Definition 2.4. We call n a jump if vn − vn−1 ≠ 1 (modm).
Lemma 2.5. (a) If k does not divide n, then n is not a jump.
(b) If m ≥ k, among any 2k consecutive numbers in tk,m, there must be a jump.
Proof. (a) vn − vn−1 = 1− t(k− 1) = 1 since n = k0s.
(b) Indeed, among the 2k numbers there must be at least two numbers, a, a+k, divisible by k. They cannot both be divisible
by k2 (otherwise k2|a + k − a = k, which is a contradiction since k ≥ 2). So let n be the one that has valk(n) = 1, so
n = k1s, and k does not divide s. Then we get vn−vn−1 = 1− (k−1) ≠ 1 (modm), since otherwise k−1 ≡ 0 (modm),
som|k− 1, that is k ≥ m+ 1, since k ≠ 1, which contradictsm ≥ k. 
Theorem 2.6 ([1, Theorem 8]). tk,m contains arbitrarily long palindromes if and only if m ≤ 2.
Proof. We first prove the direct implication. If there are arbitrarily large palindromes, looking in themiddle of a palindrome,
we find either something of the form baab (if the palindrome has an even number of terms) or cbabc (for an odd number of
terms). For the case of baab, where a = vn, we get vn − vn−1 = a− a = 0 ≠ 1, so n is a jump, which means that n+ 1 and
n−1 are not jumps (the distance between jumps is always amultiple of k, by Lemma 2.5). So vn+1−vn = b−a = 1 (modm),
vn−1 − vn−2 = a − b = 1 (modm); thus 0 = 2 (modm), which means that m|2. If cbabc is contained in tk,m, let n denote
the position of a (so a = vn). We distinguish the following cases:
I. If k ≥ 3, then:
- If one of n or n + 1 is a jump, then n − 1 and n + 2 are not jumps, since the distance between jumps is divisible by k,
so it is≥ 3. Thus, in this case, vn−1 − vn−2 = b− c = 1 (modm) and vn+2 − vn+1 = c − b = 1 (modm), and adding
them we get 0 = 2 (modm); thusm ≤ 2.
- If neither n nor n+ 1 is a jump, then a− b = 1 = b− a (modm), so 0 = 2 (modm).
II. If k = 2, we may have:
- If n even, cbabc = vn−2vn−1vnvn+1vn+2 with n− 2, n, n+ 2 even, so n− 1 and n+ 1 are not jumps (only multiples of
k = 2 can be jumps), so b − c = 1, b − a = 1; thus a = c (modm). For arbitrary N , vN − vN−1 = 1 − t(k − 1) =
1− t (modm), where t is the exponent of k = 2 in N . As n, n+ 2 are even, then one of them is divisible by 2 and not
by 4 (so the exponent of 2 is t = 1); thus by the above either a − b = 0 (modm) or c − b = 0 (modm), which is a
contradiction, since b− c = 1 and b− a = 1 (modm) (in fact, this impliesm|1, som = 1).
- If n is odd, cbabc = vn−2vn−1vnvn+1vn+2 with n − 2, n, n + 2 odd, so n − 2, n, n + 2 are not jumps; thus a − b = 1
and c − b = 1 (modm). Just as above, the exponent of 2 is equal to 1 either in n or in n+ 2, so a− b = 0 (modm) or
c − b = 0 (modm), a contradiction, as before.
Now for the converse implication. Ifm = 1, then tk,m = 00 . . . 0, and in this case the statement is obvious. Ifm = 2 we have
the following cases:
I. k odd. Then we see that the first kn terms of tk,m are a palindrome. We prove this by induction. For n = 1, the first k
digits are 0101 . . . 010. If we let A denote the block of the first kn digits of tk,m, then the first kn+1 digits are given by the
sequence of blocks A(A+ 1)(A+ 2) . . . (A+ k− 1)  
k blocks
= AA−AA− . . . AA−A  
k blocks
since A+2 = A (mod 2), A+3 = A+1 (mod 2)
etc. (A− denotes the block whose digits are the complements mod 2 of the digits of A).
Let r(A) denote the reverse of the word A; then if r(A) = A, r(AA−AA− . . . AA−A  
k times
) = r(A)r(A−) . . . r(A)r(A−)r(A) =
AA− . . . AA−A.
II. k even. Again, use induction to prove that the first k2n terms of tk,m form a palindrome. For n = 0 this holds trivially. Let
A be the block of the first k2n terms of tk,m; then, as before, since X + 2 = X mod 2 for any block X of digits mod m = 2,
the first k2n+2 terms of tk,m are
B = AA−AA− . . . AA−  
k times
A−AA−A . . . A−A  
k times
AA−AA− . . . AA−  
k times
. . . AA−AA− . . . AA−  
k times
A−AA−A . . . A−A  
k times
and by direct computation, we can see that r(B) = B, so B is a palindrome (assuming that A is a palindrome) and it can
be arbitrarily large. 
Theorem 2.7 ([1, Theorem 7]). (a) tk,m contains the square of a single letter if and only if gcd(k− 1,m) = 1.
(b) For all integers k ≥ 2,m ≥ 1, the sequence tk,m contains arbitrarily large squares.
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Proof. (a) A square vn−1vn = aa can arise if vn − vn−1 = 0, so 1 − (k− 1)t = 0 (modm) for some n = ktq, where k does
not divide q. This is equivalent to k− 1 having an inverse in Zm which happens if and only if gcd(k− 1,m) = 1.
(b) Note that we may assume that m ≥ k, since if m < k, Theorem 3.2 gives an even stronger result (although this is
not needed in this proof). Assume that the first kn terms of the sequence are the block A. The next kn+1 − kn terms are
A + 1, . . . , A + (k− 1) (where h denotes h mod m) and the next kn+2 − kn+1 are A + 1, . . . , A + k, A + (k+ 1), A +
2, . . . , A+(k+ 2), . . . , A+(k− 1), . . . , A+(k− 1)+(k− 1) (becausewe startwith the block [A, A+1, . . . , A+(k− 1)]
of length kn+1 and add 1, then 2, . . . , then (k− 1)).
Thuswe have a subsequence in tk,m: A+ 1, . . . , A+ (k− 1)  
=X
// A+ 1, . . . , A+ (k− 1)  
=X
// . . . = XX . In fact, the above shows
that tk,m is given by A, A + 1, . . . , A + (k− 1)//A + 1, . . . , A + (k− 1), A + k//A + 2, . . . , A + (k+ 1)// etc. The block
X has length kn+1 − kn. Since limn→∞(kn+1 − kn) = ∞, this means that there are arbitrarily large squares in the sequence
tk,m. 
3. Overlaps and periodicity
Lemma 3.1. For any n and 0 ≤ r < k, we have:
(a) vnk = vn;
(b) vnk+r = vnk + r (modm).
Proof. From nk = (a1a2 . . . as0)(k) and nk+r = (a1a2 . . . asr)(k), we have n = (a1a2 . . . as)(k), so vnk = a1+a2+· · ·+as = vn
and vnk+r = a1 + a2 + · · · + as + r = vnk + r (modm). 
With these, we can prove the main result of [1].
Theorem 3.2. tk,m contains no overlaps iff m ≥ k.
Proof. First, assume thatm < k.
Then vn−m, vn−m+1, . . . , vn, . . . , vn+m−1, vn+m with n = km gives an overlap. Indeed, we have n = (1 00 . . . 0  
m times
)(k), so
n − r = ((k− 1)(k− 1) . . . (k− 1)(k− r)  
m times
)(k), k does not divide n − r and k does not divide n + r , for 0 < r ≤ m, since
m < k. Therefore we have
vn−r − vn−r−1 = 1 (1)
for 0 < r < m and−m < r < 0. Also,
vn − vn−1 = 1−m(k− 1) = 1 (2)
Thus (vn−m, vn−m+1, . . . , vn+m−1, vn+m) = (b, b+ 1, . . . , b+m− 1, b, b+ 1, . . . , b+m− 1, b) (since vn−m+i = vn−m + i,
for 0 ≤ i ≤ 2m because of (1) and (2)), which is an overlap; this is a contradiction.
Now, for the converse implication assume m ≥ k. Assume also that an overlap bBB (b is the last digit of B) occurs in tk,m
and let b be the first symbolwhich begins an overlap. Then B cannot contain any jump. Suppose to the contrary that a jumpN
exists such that vN is inB. Then vN+|B| occurs in the secondpart of the overlap (here |B| is the length of B) and it is also a jump—
if it is the first digit in B then this follows since b is the last digit of B, and it is obvious otherwise. But by Lemma2.5(a), kdivides
N and k divides N + |B|, so k divides |B|. Now suppose that |B| = kp and bBB = (vi, vi+1, . . . , vi+kp, vi+kp+1, . . . , vi+2kp);
since this is an overlap, we have vi+a = vi+a+kp for 0 ≤ a ≤ kp. Suppose that i = kn+r , 0 ≤ r < k and for a = kj, 0 ≤ j ≤ p;
we have vkn+r+kj = vkn+r+kj+kp, so by Lemma 3.1(b), vkn+kj + r = vkn+kj+kp + r (modm). Thus vk(n+j) = vk(n+j+p) (mod p)
and by Lemma 3.1(a), vn+j = vn+j+p for 0 ≤ j ≤ p. This shows that (vn, vn+1, . . . , vn+p, vn+p+1, . . . , vn+2p) is an overlap
which begins before bBB (i.e. at n < i), which is a contradiction. Now, since B contains no jump and bBB is an overlap, the
sequence BB from bBB contains no jump, since as above, because of the overlap bBB, any jump occurring in the second half
produces one in the first half and vice versa. Then by Lemma 2.5(b), |BB| = 2|B| < 2k, so |B| ≤ k− 1. Since BB has no jump,
vj+1 = vj + 1 (modm), for i ≤ j ≤ i + 2|B| − 1. Therefore, vi = vi+|B| = vi + |B| (modm), so m||B|, that is |B| ≥ m. But
|B| ≤ k− 1, som ≤ k− 1, a contradiction. 
Theorem 3.3. The sequence vn = sk(n) (modm) is ultimately periodic if and only if m|k− 1.
Proof. First, assume that vn is periodic starting from some N and let p be its period. Suppose that p = ksq, k not dividing
q, and take α to be a large enough integer so that n = kαm > N and αm > s + 1. Then, by periodicity, vn+p = vn+kp,
vn+p−1 = vn+kp−1, so vn+p− vn+p−1 = vn+kp− vn+kp−1. But vn+p− vn+p−1 = 1− (k− 1)s (modm) by Lemma 2.3 because ks
divides n+p and ks+1 does not divide n+p, while vn+kp−vn+kp−1 = 1− (k−1)(s+1) (modm) because ks+1 divides n+kp
and ks+2 does not divide n + kp. These relations yield 1 − (k − 1)s ≡ 1 − (k − 1)(s + 1) (modm), so k − 1 ≡ 0 (modm),
and thereforem|k− 1.
Conversely, if m|k − 1 then k − 1 ≡ 0 (modm). Then, for any n, if n = ktN , with k not dividing N , we have
vn − vn−1 = 1 − (k − 1)t = 1 (modm) by Lemma 2.3, so vn = vn−1 + 1 (modm). This is obviously periodic of period m,
since then vn+m = vn+m−1 + 1 = · · · = vn +m (modm), so vn+m = vn (modm). 
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